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We p r e s e n t  a me thod  fo r  c a l c u l a t i n g  the s t a t i o n a r y  t e m p e r a t u r e  f i e ld  in a long thin p l a t e  with 
i n t e r n a l  hea t  s o u r c e s ,  the p l a t e  s u r f a c e  be ing  w a s h e d  o v e r  by  a flow of gas .  The  so lu t ion  is  
ob ta ined  in the f o r m  of a F o u r i e r  s e r i e s  wi th  s t r o n g  c o n v e r g e n c e .  

The c a l c u l a t i o n  of the s t a t i o n a r y  t e m p e r a t u r e  f i e ld  in a p l a t e  with i n t e r n a l  hea t  s o u r c e s  a moun t s  to 
i n t e g r a t i n g  the equa t ion  

O~T _~ O2T ~ (1) 
ax ~ O f  

We a s s u m e  one s ide ,  y = a, of the p l a t e  to be  i n s u l a t e d  and the o t h e r  s ide ,  y = 0, to be  w a s h e d  o v e r  
by  a nonbo i l ing  l iquid  whose  mot ion  we c o n s i d e r  to be s t a t i o n a r y  and the flow homoge ne ous .  If ep = eons t ,  
the change  in the k ine t i c  e n e r g y  of the l iquid as  it  m o v e s  a long the p l a t e  is  much l e s s  than the i n c r e a s e  in 
i ts  hea t  con ten t ,  and if t h e r e  is  no hea t  s o u r c e  in the l iquid  we can  w r i t e  the  e n e r g y  equat ion  fo r  the l iquid  
in the f o r m  

erg 
A c v - ~ x  = q (x). (2) 

We i n t e g r a t e  Eq. (2) unde r  the a s s u m p t i o n  that  

A = const, Tg (0) = T 0. (3) 

We a s s u m e  that  the hea t  flow q(x) f r o m  the p l a t e  to the l iquid is  convec t ive  

q (x) = ~ [ r  (x, 0) - -  rg  (x)], (4) 

and that  the hea t  t r a n s f e r  c o e f f i c i e n t  c~ d e p e n d s  only on the outf low r a t e  A. 

We w r i t e  the b o u n d a r y  c o n d i t i o n s  fo r  Eq. (1) in the f o r m  

o r  OT 
= q ( x ) ,  x o. (5) 

~' ~ j  ,y=0 g=a= 
If l >> a, we can  exc lude  f r o m  c o n s i d e r a t i o n  the b o u n d a r y  cond i t i ons  at the ends  of the p l a t e .  

The g e n e r a l  s t a t e m e n t  of the p r o b l e m  is s i m i l a r  to a type  of p r o b l e m  g iven  in [11 and the p a r t i c u l a r  
so lu t ion  of it  g iven  in [2] (where  it was  a s s u m e d  that  Tg = cons t ) .  

We s e e k  a so lu t ion  of the p r o b l e m  (1)-(5) in the f o r m  of a F o u r i e r  s e r i e s .  We r e p r e s e n t  the function 
q(x), a s  ye t  unknown, by i t s  F o u r i e r  s e r i e s :  

q (x) = a 0 § 2 [a,  cos n~x/l J,- b~ sin n~x/ll, (6) 
rt~l 

We in t roduce  the expans ion  

2a ~ + 4a ' ~ ]  i 
! f  - -  2ga ~ ~ a s - ~  cos kng/a (7) 

k~l 
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and seek a solut ion of Eq. (1) in the f o r m  

T (x, g) = - -  q (x) (g2 __ 2ya)/2a~, -t- Ao -t- ~ [A~ cos nnxll -{- B a sin nnx/l] 
n ~ l  

-+- ~ ~ [Anh cos nnx/l + Bnhsin nnx/l] cos kng/a. 
n = l  k = I  

We in t roduce  the notat ion 

(8) 

n -4, consequen t -  
Since c~ n 

[ 
. (9) 

~ . = ~  !~.~- ~ ~.. 
k = l  

We now subst i tu te  the expansions  (6)-(8) into Eqs. (1)-(2) and e x p r e s s  the coef f ic ien ts  An, Bn, Ank , Bnk 
in t e r m s  of an, b n. The final e x p r e s s i o n s  fo r  T(x, y) and T(x, O) a s s u m e  the f o r m  

T (x, g ) =  1 Z %l~ (a,~ cos nnxfl - 2a--L- q (x) (y'  - 2ya)  + Ao - -  

+ b n sin nxx[l) -}- 

T (x, O) .= A o + ~.d ?a (a'~ c~ nnx/l -}- ba sin nrcx/l)" (11) 
a ~ l  

The solution of Eq. (2) with Eq. (6) taken into account  is 

T g ( x ) = C  1 + ~ - +  n - ~  a asin -[ b a c o s -  , 
a=l (12) 

C I = T  o + ~ b n l / n ~ D ,  D = A c p .  
t ~ l  

We next e x p r e s s  the function aox/D in a F o u r i e r  s e r i e s :  
~o 

x = - -  -7 Z (e~ cos n~x/l + f~ sin ngx/l). (13) 
2 

n = l  

In o r d e r  to obtain a solut ion with s t rong  c onve rgence  [3], we extend the function x onto the in te rva l  i - l ,  0] 
so that the function F(x) r e su l t i ng  f r o m  this extension wil l  be cont inuous on the in terval  i - I ,  l], along with 
its f i r s t  two de r iva t ives .  The function F(x) then sa t i s f i e s  the condit ion 

[ X for O..~..x-~l, 
F(X)=  (14) 

l x --12x5/I 4 --30x~/P - -  20x3/l ~ for - -  l -..< x -<s 0. 

Expanding F(x) in a F o u r i e r  s e r i e s  in the in terva l  ( - l ,  l), we obtain 

[ 1 12 ] fa=O, if n = 2 r + l ,  r = l ,  2 . . . .  e a = 2 4 0 /  (n~) 4 (nn) ~ , 
1 (15)  

C a = 0 ,  fn=1440 / (ng)  5 , if n = 2 r .  

Substi tut ing the expansions  (11)-(13) into Eq. (4), we find an, bn: 

aa = - -  gnf,. b a = - -  hnf n for n = 2r, 

a a - - - h , :  a, b a=gaea for n = 2 r - t - 1 ,  

a~laonn aa o (n~D) ~ (1-- a?.)  (16) 

Pa Dp,~ 
p~ = n~D (1-- cr -}- c~l 2. 

We can now find T(x, y) and Tg(x) f r o m  the f o r m u l a s  (10) and (12). 

We now examine  the c o n v e r g e n c e  of the r e su l t ing  solution.  The coef f ic ien ts  an, b n 
ly, the s e r i e s  (6), toge ther  with its f i r s t  two de r iva t ives ,  c o n v e r g e s  absolu te ly  and un i fo rmly .  
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1, then An, B n ~ n-4; Ank and Bnk are of order  k -4 for  fixed n and of order  ~n -4 for fixed k. Thus all 
the ser ies ,  which arose in the course  of obtaining the solution, permit  the operatmns of termwise addition, 
differentiation, and comparing of coefficients,  operations which we have used above. 

To calculate the tempera ture  fields, f rom these equations we need to compute the f i rs t  three to four 

t e rms  of the ser ies  obtained. 

The solution given here was obtained for {b = eonst. If ~ = ~(x), then, expanding this function in a 
Four ie r  ser ies  

~2 (x) = s o + ~ [s~ cos n~x/l + t~ sin nnx/l] 
n = l  

and substituting this expansion into Eq. (1), we obtain cor rec t ions  to A n, B n. 
mains unchanged. 

Suppose now that we have a heat source r in the moving liquid. The corresponding correc t ion is in- 
troduced into the right member  of Eq. (2). If r = cons% then onty the coefficient of the second te rm in 
Eq. (12) is changed. If, however, r = r it is then necessa ry  to represent  this function in the form of 
a ser ies  of the type (17). In this case,  the second and third t e rms  in Eq. (12) are  changed, and also the 
form of the coefficients (16). However the scheme of the solution stays the same. 

(17) 

The rest  of this solution re-  

x, y 
T(x, y), Tg(x) 
l 
a 

x 
r r 
ep 
A 
O~ 

q (x) 

To 

N O T A T I O N  

are the coordinates  along and across  the plate, m; 
are  the t empera tu res  of the plate and moving liquid (gas), ~ 
is the plate dimension in liquid flow direction, m; 
is the thickness of plate, m; 
is the thermal conductivity of plate material ,  W/m-deg;  
are  the powers of heat sources  in volume of plate and liquid, W/m3; 
is the heat capaci ty  of liquid, W �9 see /kg ,  deg; 
is the liquid flow rate, kg/m.  see; 
is the heat t r ans fe r  coefficient, W/m 2. deg; 
is the heat flux through p la te - l iqu id  boundary, W/m2; 
is the initial temperature  of liquid, ~ 

1. 

2. 

3. 
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